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EFFICIENT PREDICTION IN L2-DIFFERENTIABLE
FAMILIES OF DISTRIBUTIONS
By Emmanuel Onzon,
Université Lyon 1
Abstract A proof of the Cramér-Rao inequality for prediction
is presented under conditions of L2-differentiability of the family of
distributions of the model. The assumptions and the proof differ
from those of Miyata (2001) who also proved this inequality under L2-
differentiability conditions. It is also proved that an efficient predictor
(i.e. which risk attains the bound) exists if and only if the family of
distributions is of a special form which can be seen as an extension
of the notion of exponential family. This result is also proved under
L
2-differentiability conditions.
1. Introduction. Statistical prediction relates to the inference of an
unobserved random quantity from observations, it is considered here as an
extension of point estimation, where the quantity to infer is not necessar-
ily deterministic. We follow the framework posed by Yatracos (1992). In
full generality, the problem of statistical prediction is to estimate a quantity
g(X,Y, θ), we shall say predict g(X,Y, θ), where X is an observed random
variable representing the observations, Y an unobserved random variable
and θ the parameter of the model {Pθ | θ ∈ Θ} which the distribution of
(X,Y ) is supposed to belong to. We shall assume that g takes its values in
R
k and Θ ⊂ Rd. That framework encompasses a wide variety of statistical
problems ranging from stochastic processes prediction and time series fore-
casting (Johansson (1990), Adke and Ramanathan (1997), Bosq and Onzon
(2012), Onzon (2014)) to latent variable models and random effects inference
(Nayak (2000), Nayak (2003)). If p(X) is used to predict g(X,Y, θ) we shall
call it a predictor and measure its performance with its mean squared error
of prediction which breaks down in the following sum
Eθ(p(X)−g(X,Y, θ))
×2 = Eθ(p(X)−r(X, θ))
×2+Eθ(r(X, θ)−g(X,Y, θ))
×2,
with r(X, θ) = Eθ[g(X,Y, θ)|X] and where we use the notation A
×2 = AA′
the product of a matrix with its transpose. The second term of the right
hand side is incompressible, it does not depend on the choice of the predictor.
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Hence from now on we are interested in the first term which we call quadratic
error of prediction (QEP). More generally, we shall investigate the problem of
predicting a quantity g(X, θ) without refering it is a conditional expectation
and call QEP the quantity
R(θ) = Eθ(p(X) − g(X, θ))
×2.
A lower bound of Cramér-Rao type has been proved for the QEP with
conditions of point differentiability of the family of the densities of the
distributions of the model with respect to the parameter and conditions
of differentiability under the integral sign (Yatracos (1992), Nayak (2002),
Bosq and Blanke (2007)). The bound has also been proved for conditions
of L2-differentiability of the family of distributions of the model (Miyata
(2001), Onzon (2012)). In the one-dimensional case (k = d = 1) and for
unbiased predictors it reads
Eθ(p(X) − g(X, θ))
2
>
(
Eθ∂θg(X, θ)
)2
I(θ)
,
where I(θ) is the Fisher information. We prove this inequality under con-
ditions of L2-differentiability of the family of distributions of the model in
Section 2. The set of assumptions we use here is different from those made
by Miyata (2001), for instance there is no reference to the random variable
Y in our assumptions while Miyata (2001) uses the distribution of the couple
(X,Y ).
When the mean squared error of an estimator attains the Cramér-Rao
bound we say that it is efficient. By analogy, an efficient predictor is a pre-
dictor which QEP attains the Cramér-Rao bound. In the case of estimation
it is proved that there exists an efficient estimator δ(X) of ψ(θ) ∈ Rd if and
only if the family of distributions of the model is exponential, i.e. of the
form
dPθ
dPθ0
(x) = exp{A(θ)′δ(x)−B(θ)},
for some θ0 ∈ Θ, and differentiable functions A : Θ → R
k and B : Θ → R,
with (JθA(θ))
′ = I(θ)(Jθψ(θ))
−1 and ∇θB(θ) = (JθA(θ))
′ψ(θ). The result
has been proved under different conditions (Wijsman (1973), Fabian and Hannan
(1977), Müller-Funk, Pukelsheim and Witting (1989)).
An analogous result for prediction appears in Bosq and Blanke (2007) in
the one-dimensional case and in Onzon (2011) in the multidimensional case.
In both cases the result is proved under conditions of point differentiability
of the family of the densities of the distributions of the model and differen-
tiability under the integral sign. For this result the family is not necessarily
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exponential but has a form which may be seen as an extension of the notion
of exponential family. There exists an efficient predictor p(X) to predict
g(X, θ) ∈ Rd if and only if
dPθ
dPθ0
(x) = exp{A(θ)′p(x)−B(x, θ)},
for some θ0 ∈ Θ, and differentiable functions A : Θ→ R
k and B : Θ× E →
R, with (JθA(θ))
′ = I(θ)(EθJθg(X, θ))
−1 and ∇θB(x, θ) = (JθA(θ))
′g(x, θ).
Section 3 presents a proof of this result under L2-differentiability conditions.
The proof is based on the proof of the result for estimation that appears in
Müller-Funk, Pukelsheim and Witting (1989).
The Appendices gather definitions and results on L2-differentiability and
uniform integrability that are used throughout the paper.
2. The Cramér-Rao inequality for prediction in L2-differentiable
families. The following lemma gives a matrix inequality on which the proof
of the Cramér-Rao inequality is based.
Lemma 2.1. Let T and S be random variables taking values in Rk and
R
d respectively, such that E‖T‖2
R
k < ∞ and E‖S‖
2
R
d < ∞, and such that
ES×2 is an invertible matrix. Then the following inequality holds,
(2.1) ET×2 > E(TS′)(ES×2)−1E(ST ′).
The equality holds in (2.1) iff
(2.2) T = E(TS′)(ES×2)−1S, a.s.
Proof. Let Z be the random vector taking values inRk defined as follows
Z = T − E(TS′)(ES×2)−1S.
Then its matrix of moment of order 2 is
EZ×2 = ET×2 − E(TS′)(ES×2)−1E(ST ′).
Let x ∈ Rk, then
x′(EZ×2)x = E(x′ZZ ′x) = E(Z ′x)′(Z ′x) = E‖Z ′x‖2
R
d > 0.
Hence for all x ∈ Rk,
x′(ET×2 − E(TS′)(ES×2)−1E(ST ′))x > 0.
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We deduce (2.1).
Suppose the equality holds in (2.1). Then EZ×2 = 0, hence trace(EZ×2) =
0, hence E(trace(Z×2)) = 0. Yet
trace(Z×2) = trace(Z ′Z) = Z ′Z = ‖Z‖2
R
k .
Hence E‖Z‖2
R
k = 0. Hence Z = 0 almost surely. We deduce (2.2).
Suppose (2.2) holds. Then Z = 0 almost surely. Hence EZ×2 = 0, the
equality in (2.1) ensues.
Remark 2.1. Geometric interpretation of the matrix inequality
The inequality of Lemma 2.1 may be interpreted as a Bessel type inequality in
the space of random variables with finite moment of order 2. More precisely,
consider
L2P = {U real r.v. |EU
2 <∞},
and the following endomorphism of L2P
PS : U 7→ E(US
′)(ES×2)−1S,
Then one may show that PS is the orthogonal projection on the space gen-
erated by the components of S. Indeed, it satisfies PS ◦ PS = PS , and any
component of S is stable by PS , and PS is self-adjoint, for all U, V ∈ L
2
P,
E (PS(U)V ) = E (UPS(V )) .
Then Pythagoras’ theorem implies then that for all U ∈ L2P,
EU2 > E (PS(U))
2 .
We deduce that for all x ∈ Rk
x′ET×2x = E(x′T )2 > E
(
PS(x
′T )
)2
= x′E(TS′)(ES×2)−1E(ST ′)x,
with T defined as in Lemma 2.1. We deduce the inequality (2.1).
There is equality in (2.1) iff for all x ∈ Rk, x′T is invariant by PS , i.e.,
E
(
x′TS′
)
(ES×2)−1S = x′T.
We deduce (2.2).
Lemma 2.2. Let (X ,B,Pθ, θ ∈ Θ) be a model, θ0 ∈ Θ˚, p(X) a predictor
of g(X, θ) taking values in Rk, and U(θ0), a neighbourhood of θ0, which
fulfills the following conditions.
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1. The family (Pθ, θ ∈ Θ) is L
2-differentiable at θ0, with derivative L˙θ0 .
2. Fisher information matrix I(θ0) is invertible.
3. supθ∈U(θ0) Eθ‖p(X)‖
2
R
k <∞.
Then the fonction ψ : θ 7→ Eθp(X) is differentiable at θ0, and the QEP of
p(X) at θ0 satisfies the following inequality.
(2.3) Eθ0(p(X)− g(X, θ0))
×2
> G(θ0)I(θ0)
−1G(θ0)
′,
with
(2.4) G(θ0) = Jθψ(θ0)− Eθg(X, θ0)L˙
′
θ0 ,
The equality holds in (2.3) iff
p(X) = g(X, θ0) +G(θ0)I(θ0)
−1L˙′θ0 , Pθ0-a.s.
The symbol Jθ denotes the jacobian matrix operator.
Proof. We set S = L˙θ0 and T = p(X)−g(X, θ0). Using Proposition A.1
(applied to δ = p(X)) one obtains
Eθ0(TS
′) = Eθ0(p(X)− g(X, θ0))L˙
′
θ0 = Jθψ(θ0)− Eθ0g(X, θ0)L˙
′
θ0 .
Then the result follows from Lemma 2.1.
Lemma 2.2 gives a matrix inequality of Cramér-Rao type for predictors.
However under some conditions, the matrix G(θ0) that appears in the right
hand side of the inequality has the following simpler form
(2.5) G(θ0) = EθJθg(X, θ0),
instead of the form (2.4). We now proceed to obtain those conditions in the
setup of L2-differentiable families of distributions.
Proposition 2.1. Let (X ,B,Pθ, θ ∈ Θ) be a model and θ0 ∈ Θ˚, such
that (Pθ, θ ∈ Θ) is L
2-differentiable at θ0. Let g : X ×Θ→ R
k be a function
such that for all θ ∈ Θ, g(·, θ) is measurable. Suppose there is U(θ0), a
neighbourhood of θ0, such that the following conditions hold.
1. For all θ, θ′ ∈ U(θ0), g(X, ·) is Pθ-almost surely differentiable at θ
′
and
sup
(θ,θ′)∈U(θ0)2
Eθ‖Jθg(X, θ
′)‖2Mk,d <∞.
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2. sup(θ,θ′)∈U(θ0)2 EθL
2
θ,θ′ <∞
Then
JθEθ0g(X, θ0) = Eθ0Jθg(X, θ0) + Eθ0g(X, θ0)L˙
′
θ0 .
Proof. We first assume that k = 1, i.e. that g : X × Θ → R. We prove
that
∇θEθ0g(X, θ0) = Eθ0g(X, θ0)L˙θ0 + Eθ0∇θg(X, θ0).
Let a ∈ Rd, such that ‖a‖ = 1 and (un, n ∈ N) a sequence in R
d such
that
un −→
n→∞
0, and
un
‖un‖
−→
n→∞
a.
We set
∆n = ‖un‖
−1
(
Eθ0+ung(X, θ0 + un)− Eθ0g(X, θ0)
)
− a′ Eθ0
(
g(X, θ0)L˙θ0 +∇θg(X, θ0)
)
.
We prove that ∆n −→
n→∞
0.
∆n = ‖un‖
−1
(
Eθ0+ung(X, θ0)− Eθ0g(X, θ0)
)
− Eθ0
(
a′L˙θ0g(X, θ0)
)
+Eθ0
(
‖un‖
−1Lθ0(un)
(
g(X, θ0 + un)− g(X, θ0)
)
− a′∇θg(X, θ0)
)
.
From Proposition A.1 the following convergence holds (taking δ = g(X, θ0)).
‖un‖
−1
(
Eθ0+ung(X, θ0)− Eθ0g(X, θ0)
)
− Eθ0
(
a′L˙θ0g(X, θ0)
)
−→
n→∞
0
We set
∆˜n = ‖un‖
−1Lθ0(un)
(
g(X, θ0 + un)− g(X, θ0)
)
− a′∇θg(X, θ0).
To complete the proof it remains to prove that Eθ0∆˜n −→n→∞
0.
∆˜n = Lθ0(un)
(
‖un‖
−1
(
g(X, θ0 + un)− g(X, θ0)
)
− a′∇θg(X, θ0)
)
+ a′∇θg(X, θ0)
(
Lθ0(un)− 1
)
.
Let Un = a
′∇θg(X, θ0)
(
Lθ0(un)− 1
)
then,
Eθ0 |Un| 6 Eθ0 |a
′∇θg(X, θ0)|+ Eθ0+un |a
′∇θg(X, θ0)|.
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Yet for all n large enough, θ0 + un ∈ U(θ0). Hence (Un)n∈N is bounded in
L1. We prove that (Un, n ∈ N) is uniformly integrable. Let A ∈ B then
sup
n∈N
Eθ0 |1AUn| 6 Pθ0(A)
(
Eθ0‖∇θg(X, θ0)‖
2
)1/2
+ Pθ0+un(A)
(
Eθ0+un‖∇θg(X, θ0)‖
2
)1/2
,
and
Pθ0+un(A) 6 Pθ0(A)
(
Eθ0(Lθ0(un))
2
)1/2
.
Hence the sequence (Un)n∈N is equicontinuous. Hence it is uniformly inte-
grable. Yet
(2.6) Lθ0(un)
Pθ0−−−→
n→∞
1,
from Lemma A.1. Hence Un
Pθ0−−−→
n→∞
0. We deduce
Eθ0a
′∇θg(X, θ0)
(
Lθ0(un)− 1
)
−→
n→∞
0.
Moreover
‖un‖
−1
(
g(X, θ0 + un)− g(X, θ0)
)
− a′∇θg(X, θ0)
Pθ0−−−→
n→∞
0.
Combining with (2.6) one obtains
Lθ0(un)
(
‖un‖
−1
(
g(X, θ0 + un)− g(X, θ0)
)
− a′∇θg(X, θ0)
) Pθ0−−−→
n→∞
0.
Lemma A.2 will allow to prove uniform integrability of
Lθ0(un)
(
‖un‖
−1
(
g(X, θ0 + un)− g(X, θ0)
)
− a′∇θg(X, θ0)
)
= ZnYn.
With
Zn = Lθ0(un)
1/2
Yn = Lθ0(un)
1/2
(
‖un‖
−1
(
g(X, θ0 + un)− g(X, θ0)
)
− a′∇θg(X, θ0)
)
.
From Lemma A.1, Zn satisfies Eθ0
(
Zn − 1
)2
−→ 0. For all n there is a
random variable θn = θ0 + λnun, with λn ∈ [0, 1] such that
‖un‖
−1 (g(X, θ0 + un)− g(X, θ0)) = ‖un‖
−1u′n∇θg(X, θn).
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Hence
‖un‖
−2
(
g(X, θ0 + un)− g(X, θ0)
)2
6 ‖∇θg(X, θn)‖
2.
For n large enough, θn ∈ U(θ0), and then
Eθ0Lθ0(un)‖un‖
−2
(
g(X, θ0 + un)− g(X, θ0)
)2
6 Eθ0+un‖∇θg(X, θn)‖
2
6 sup
(θ,θ′)∈U(θ0)2
Eθ‖∇θg(X, θ
′)‖2.
Moreover
Eθ0
(
Lθ0(un)
1/2a′∇θg(X, θ0)
)2
6 sup
(θ,θ′)∈U(θ0)2
Eθ‖∇θg(X, θ
′)‖2.
Hence Eθ0Y
2
n < ∞. We deduce that (ZnYn, n ∈ N) is uniformly integrable
and hence
Eθ0Lθ0(un)
(
‖un‖
−1
(
g(X, θ0 + un)− g(X, θ0)
)
− a′∇θg(X, θ0)
)
−→
n→∞
0.
We deduce
∇θEθ0g(X, θ0) = Eθ0g(X, θ0)L˙θ0 + Eθ0∇θg(X, θ0).
The case k > 1 is deduced from the case k = 1 by reasoning component-
wise.
Assumption 2.1. Consider a model (X ,B,Pθ, θ ∈ Θ), θ0 ∈ Θ˚, a neigh-
bourhood U(θ0) of θ0 and a function g : X ×Θ→ R
k, with g(·, θ) measurable
for all θ ∈ Θ, such that the following conditions hold.
1. The family (Pθ, θ ∈ Θ) is L
2-differentiable at θ0, with derivative L˙θ0 .
2. Fisher matrix information I(θ0) is invertible.
3. For all θ, θ′ ∈ U(θ0), g(X, ·) is Pθ-almost surely differentiable at θ
′
and
sup
(θ,θ′)∈U(θ0)2
Eθ‖Jθg(X, θ
′)‖2Mk,d <∞.
4. sup(θ,θ′)∈U(θ0)2 EθL
2
θ,θ′ <∞
Moreover consider a predictor p(X) taking values in Rk. There is U(θ0), a
neighbourhood of θ0, such that
5. supθ∈U(θ0) Eθ‖p(X)‖
2
R
k <∞.
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We first state the inequality for unbiased predictors. Here we say that
p(X) a predictor of g(X, θ) is an unbiased predictor if Eθ(p(X)) = Eθ(g(X, θ))
for all θ ∈ Θ (for other concepts of risk unbiasedness pertaining to prediction
problems see Nayak and Qin (2010)).
Theorem 2.1. Let (X ,B,Pθ, θ ∈ Θ) be a model, θ0 ∈ Θ˚, and p(X)
an unbiased predictor of g(X, θ) taking values in Rk, that satisfies Assump-
tion 2.1.
Then the QEP of p(X) at θ0 satisfies the following inequality.
(2.7) Eθ0(p(X)− g(X, θ0))
×2
> G(θ0)I(θ0)
−1G(θ0)
′,
with G(θ) = EθJθg(X, θ). The equality holds in (2.7) iff
p(X) = g(X, θ0) +G(θ0)I(θ0)
−1L˙′θ0 , Pθ0-a.s.
Proof. The result follows from Lemma 2.2 with
G(θ0) = Jθψ(θ0)− Eθ0g(X, θ0)L˙
′
θ0 = JθEθ0g(X, θ0)− Eθ0g(X, θ0)L˙
′
θ0 ,
where Jθψ(θ0) = JθEθ0g(X, θ0) because p(X) is assumed unbiased. Yet
Proposition 2.1 gives
JθEθ0g(X, θ0) = Eθ0Jθg(X, θ0) + Eθ0g(X, θ0)L˙
′
θ0 .
We deduce G(θ0) = Eθ0Jθg(X, θ0).
Remark 2.2. The following assumptions are used by Miyata (2001) to
prove (2.7).
• The family
(
P
(X,Y )
θ , θ ∈ Θ
)
(of distributions of the couple (X,Y )) is
L2-differentiable.
• Fisher information matrix is invertible.
• Eθ0g(X, θ)
2 is bounded for all θ in a neighbourhood of all fixed θ0 ∈ Θ.
• The predictor p(X) is unbiased, Eθp(X)
2 <∞, and EθY
2 <∞.
It is interesting to remark that these assumptions refer to the variable Y ,
while in our approach the variable Y only comes up through the conditional
expectation r(X, θ) = Eθ[g(X,Y, θ)|X] and then it is not refered to anymore.
Theorem 2.2. Let (X ,B,Pθ, θ ∈ Θ) be a model and θ0 ∈ Θ˚. Let r :
X × Θ → Rk such that, Pθ0-almost surely, θ 7→ r(X, θ) is differentiable at
θ0, and for all θ, the function x 7→ r(x, θ) is measurable. Let p(X) be a
predictor of r(X, θ) with bias b(θ).
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Suppose (X ,B,Pθ, θ ∈ Θ), θ0, p(X), and g(X, θ) = r(X, θ) + b(θ), satisfy
Assumption 2.1.
Then θ 7→ b(θ) is differentiable at θ0, θ 7→ r(X, θ) is Pθ0-almost surely
differentiable at θ0, and the QEP of p(X) at θ0 satisfies the following in-
equality.
(2.8) Eθ0(p(X)− r(X, θ0))
×2
> b(θ0)
×2 +G(θ0)I(θ0)
−1G(θ0)
′,
with G(θ0) = Eθ0Jθr(X, θ0) + Jθb(θ0). The equality holds in (2.8) iff
p(X) = b(θ0) + r(X, θ0) +G(θ0)I(θ0)
−1L˙′θ0 , Pθ0-a.s.
3. Efficient prediction. A predictor p(X) is said efficient when its
QEP attains the Cramér-Rao bound.
Theorem 3.1. Suppose k = d. Let Θ be a connected open set of Rd.
Let (X ,B,Pθ, θ ∈ Θ) be a model, g : X × Θ → R
k and p(X) an unbiased
predictor of g(X, θ), that satisfy Assumption 2.1 for all θ ∈ Θ.
Suppose the following conditions hold.
1. p(X) is efficient.
2. For all θ ∈ Θ, G(θ) = EθJθg(X, θ) is invertible.
3. There is A : Θ → Rk a differentiable function over Θ, such that
(JθA(θ))
′ = I(θ)G(θ)−1, for all θ ∈ Θ.
4. X is a topological space and (X ,B) is a σ-compact space.
5. For all compact sets C ⊂ X , C˜ ⊂ Θ, supx∈C,θ∈C˜ ‖Jθg(x, θ)‖ <∞.
6. θ 7→ I(θ) and θ 7→ G(θ) are continuous.
Then, for θ0 ∈ Θ fixed, there is a function B : X ×Θ→ R, differentiable
at θ ∈ Θ, such that for all θ ∈ Θ, for Pθ0-almost all x ∈ X ,
dPθ
dPθ0
(x) = exp
(
A(θ)′p(x)−B(x, θ)
)
,
and ∇θB(x, θ) = (JθA(θ))
′g(x, θ).
Proof. Let θ ∈ Θ. The predictor p(X) is efficient hence Pθ-a.s.
p(X) = g(X, θ) + (EθJθg(X, θ)) I(θ)
−1L˙θ
= g(X, θ) +G(θ)I(θ)−1L˙θ.
Hence
L˙θ = I(θ)G(θ)
−1
(
p(X)− g(X, θ)
)
.
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Let s 7→ θs be a continuously differentiable path from θ0 to θ with s ∈ [0, 1].
This path exists because Θ is open and connected. We set
f(x) = exp
(∫ 1
0
θ˙′sL˙θs(x) ds
)
= exp
( ∫ 1
0
(
θ˙′sI(θs)G(θs)
−1p(x)−φ(s, x)
)
ds
)
,
with
φ(s, x) = θ˙′sI(θs)G(θs)
−1g(x, θs).
We prove that for all event B ∈ B, the following equality holds∫
B
f(X) dPθ0 = Pθ(B).
Since B is σ-compact, one may assume that B is a compact set. For Pθ-
almost all x ∈ X , s 7→ g(x, θs) is differentiable over [0, 1] (we remove from B
the points x for which differentiability does not hold). We set
M = sup
x∈B,s∈[0,1]
‖∂sg(x, θs)‖ 6 sup
s∈[0,1]
‖θ˙s‖ sup
x∈B,t∈{θs ,s∈[0,1]}
‖Jθg(x, t)‖.
The first supremum of the right hand side is finite because (θs, s ∈ [0, 1])
is continuously differentiable. The second one is finite from condition 5.
Hence M < ∞. Let ε > 0 and (Ri)i∈N be a partition of R
k in rectangles of
diameters at most ε, and let
n =
⌈
M
ε
⌉
.
For all u ∈ Nn+1 we let
Su =
{
x ∈ X | ∀i ∈ {0, . . . , n}, g(x, θi/n) ∈ Rui
}
.
We then define
Bi,u = B ∩ p
−1(Ri) ∩ Su.
Let x ∈ Bi,u and s ∈ [0, 1] then,
‖g(x, θs)‖ 6 ‖g(x, θ⌊sn⌋/n)‖+ ‖g(x, θ⌊sn⌋/n)− g(x, θs)‖
6 sup
y∈Ru⌊sn⌋
‖y‖+M |⌊sn⌋/n− s|
6 sup
y∈Ru⌊sn⌋
‖y‖+
M
n
6 σu +
M
n
<∞,
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with
σu = sup
06i6n, y∈Rui
‖y‖.
We prove by contradiction that Pθ0(Bi,u) > 0 iff Pθ(Bi,u) > 0. Without
loss of generality, suppose that Pθs(Bi,u) > 0 for s ∈ [0, 1) and Pθ(Bi,u) =
0. We set H(s) = log Pθs(Bi,u). From Proposition A.1, s 7→ Pθs(Bi,u) is
differentiable over [0, 1], hence it is continuous over [0, 1]. Hence
lim
s→1−
Pθs(Bi,u) = 0.
And therefore
(3.1) lim
s→1−
H(s) = −∞.
Besides H is differentiable over [0, 1). Its derivative is
h(s) =
θ˙′s∇θPθs(Bi,u)
Pθs(Bi,u)
=
1
Pθs(Bi,u)
θ˙′s
∫
Bi,u
L˙θsdPθs = m(s|Bi,u)− φ(s|Bi,u),
where
m(s|Bi,u) = Pθs(Bi,u)
−1
∫
Bi,u
θ˙′sI(θs)G(θs)
−1p(X) dPθs ,
φ(s|Bi,u) = Pθs(Bi,u)
−1
∫
Bi,u
φ(s,X) dPθs .
We prove that h(s) is bounded. The function s 7→ θ˙′sI(θs)G(θs)
−1 is contin-
uous over [0, 1], from condition 6, hence
c = sup
s∈[0,1]
‖θ˙′sI(θs)G(θs)
−1‖ <∞.
Let x ∈ Bi,u, then p(x) ∈ Ri ∪ {0} hence
|θ˙′sI(θs)G(θs)
−1p(x)| 6 c sup
y∈Ri
‖y‖ = cρi.
Hence |m(s|Bi,u)| 6 cρi. From what precedes we deduce
|φ(s, x)| 6 c ‖g(x, θs)‖ 6 c(σu +M/n).
Hence φ(s|Bi,u) 6 c(σu +M/n). We deduce that h is bounded over [0, 1),
which contradicts (3.1). Hence Pθ0(Bi,u) > 0 iff Pθ(Bi,u) > 0, which implies
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that the distributions Pθ and Pθ0 are absolutely continuous with respect to
each other.
One may write
∫
Bi,u
f(X) dPθ0 =
∫
Bi,u
exp
(∫ 1
0
(
θ˙′sI(θs)G(θs)
−1p(X)−m(s|Bi,u) + h(s)
+ φ(s|Bi,u)− φ(s,X)
)
ds
)
dPθ0
=
∫
Bi,u
exp
(∫ 1
0
(
θ˙′sI(θs)G(θs)
−1p(X)−m(s|Bi,u)
)
ds
+
∫ 1
0
(
φ(s|Bi,u)− φ(s,X)
)
ds
)
dPθ0
Pθ(Bi,u)
Pθ0(Bi,u)
.
For all x ∈ Bi,u, θ˙
′
sI(θs)G(θs)
−1p(x) lies in the image of Ri by the application
y 7→ θ˙′sI(θs)G(θs)
−1y.
Same thing for m(s|Bi,u) which is the mean of θ˙
′
sI(θs)G(θs)
−1p(x) over Bi,u.
Hence∣∣∣θ˙′sI(θs)G(θs)−1p(X) −m(s|Bi,u)
∣∣∣ 6 sup
s∈[0,1]
‖θ˙′sI(θs)G(θs)
−1‖diam(Ri) 6 cε.
Hence for all x ∈ Bi,u,
∣∣∣
∫ 1
0
(
θ˙′sI(θs)G(θs)
−1p(x)−m(s|Bi,u)
)
ds
∣∣∣1Bi,u 6 cε.
Moreover
φ(s|Bi,u)− φ(s, x) =
θ˙′sI(θs)G(θs)
−1
Pθs(Bi,u)
∫
Bi,u
(
g(X, θs)− g(x, θs)
)
dPθs .
For x, x′ ∈ Bi,u,
‖g(x, θs)− g(x
′, θs)‖ 6 ‖g(x, θ⌊sn⌋/n)− g(x
′, θ⌊sn⌋/n)‖
+ ‖g(x, θ⌊sn⌋/n)− g(x, θs)‖
+ ‖g(x′, θ⌊sn⌋/n)− g(x
′, θs)‖
6 diam(Ru⌊sn⌋) +
2M
n
6 3ε.
Hence
|φ(s|Bi,u)− φ(s, x)| 6 sup
s∈[0,1]
‖θ˙′sI(θs)G(θs)
−1‖ × 3ε = 3cε.
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Hence
e−4cεPθ(B) 6
∫
B
f(X) dPθ0 6 e
4cεPθ(B),
for all ε > 0. And therefore
∫
B f(X) dPθ0 = Pθ(B). Hence, for Pθ0-almost
all x ∈ X ,
dPθ
dPθ0
(x) = exp
(
A(θ)′p(x)−B(x, θ)
)
,
with
A(θ)′ =
∫ 1
0
θ˙′sI(θs)G(θs)
−1 ds,
B(x, θ) =
∫ 1
0
θ˙′sI(θs)G(θs)
−1g(x, θs) ds.
From condition 3 and the gradient theorem, A(θ) does not depend on (θs, s ∈
[0, 1]), the chosen path. Yet
dPθ
dPθ0
(x) = log f(x) =
∫ 1
0
(
θ˙′sI(θs)G(θs)
−1p(x)− φ(s, x)
)
ds,
does not depend on it either, hence B(x, θ) does not depend on it. Therefore
∇θB(x, θ) = I(θ)G(θ)
−1g(x, θ) = (JθA(θ))
′g(x, θ).
Remark 3.1. In Theorem 3.1 we did not assumed continuous L2-differen-
tiability as Müller-Funk, Pukelsheim and Witting (1989) did for their anal-
ogous result in the case of estimation. If we add a condition of continuous
L2-differentiability in Theorem 3.1, this makes possible to save somme as-
sumptions. More precisely, the result of Theorem 3.1 also holds under the
following conditions.
1. The family (Pθ, θ ∈ Θ) is continuously L
2-differentiable and Θ is a
connected open set of Rd.
2. The matrix I(θ) is invertible for all θ ∈ Θ.
3. p(X) is an unbiased efficient predictor of g(X, θ).
4. For all θ, Eθ‖p(X)‖
2 <∞.
5. For all θ ∈ θ, G(θ) = JθEθg(X, θ)−Eθg(X, θ)L˙
′
θ is invertible, or equiv-
alently, Eθ (p(X)− g(X, θ))
×2 is invertible.
6. There exists A : Θ → Rk a differentiable function over Θ, such that
(JθA(θ))
′ = I(θ)G(θ)−1, for all θ ∈ Θ.
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7. X is a topological space and (X ,B) is a σ-compact space.
8. For all compact set C ⊂ X , C˜ ⊂ Θ, supx∈C,θ∈C˜ ‖Jθg(x, θ)‖ <∞.
Conditions to have G(θ) = EθJθg(X, θ) are not fulfilled anymore, hence we
only get the expression G(θ) = JθEθg(X, θ) − Eθg(X, θ)L˙
′
θ. In the list of
conditions above one saves conditions 3, 4 and 5 of Assumption 2.1 and
condition 6 of Theorem 3.1.
Remark 3.2. The essential idea in the proof of Theorem 3.1 is to cut
the set B with the family of subsets with the following form
Bi,u = B ∩ p
−1(Ri) ∩ Su,
while for the result in the case of estimation, Müller-Funk et al. Müller-Funk, Pukelsheim and Witting
(1989) took the family of subsets with the form Bi = B ∩ p
−1(Ri).
Remark 3.3. In the particular case where g does not depend on X,
g(X, θ) = g(θ), Theorem 3.1 gives the well-known result that the existence
of an efficient unbiased estimator implies the family is exponential.
APPENDIX A: L2-DIFFERENTIABLE FAMILIES
We remind some defintions and results about L2-differentiable families of
distributions, we refer to Liese and Miescke (2008) p. 58 and next. For θ, θ0
in Θ, any random variable Lθ0,θ taking values in [0,+∞] is called likelihood
ratio of Pθ with respect to Pθ0 if, for all A ∈ A,
Pθ(A) =
∫
A
Lθ0,θdPθ0 +Pθ (A ∩ {Lθ0,θ = +∞}) .
Lθ0,θ is a probability density of Pθ with respect to Pθ0 if and only if Pθ ≪
Pθ0 . If ν is a measure over A that dominates {Pθ,Pθ0} with {fθ, fθ0} the
corresponding densities then
Lθ0,θ =
fθ
fθ0
1{fθ0>0}
+∞1{fθ0=0,fθ>0}
, {Pθ,Pθ0}-a.s.
For all θ ∈ Θ, for all u ∈ Rd such that u+ θ ∈ Θ, we set
Lθ(u) = Lθ,θ+u.
Definition A.1. The family (Pθ, θ ∈ Θ) is said L
2-differentiable at
θ0 ∈ Θ˚, if there is U(θ0) a neighbourhood of θ0, such that for all θ ∈ U(θ0),
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Pθ ≪ Pθ0 , and if there is L˙θ0 ∈ L
2
Pθ0
(Rd), called the L2-derivative of the
model at θ0, such that as u→ 0,
Eθ0
(
L
1/2
θ0
(u)− 1−
1
2
u′L˙θ0
)2
= o(‖u‖
R
d).
The matrix I(θ0) = Eθ0L˙
′
θ0
L˙θ0 is called the Fisher information matrix of the
model at θ0.
Remark A.1. If Pθ ≪ ν for all θ ∈ Θ, then the family (Pθ, θ ∈ Θ) is
L2-differentiable at θ0 ∈ Θ˚, if and only if there is f˙θ0 ∈ L
2
ν(R
d) such that as
u→ 0, ∫ (√
fθ0+u −
√
fθ0 −
1
2
u′f˙θ0
)2
dν = o(‖u‖
R
d).
With fθ0 and fθ0+u the densities of Pθ0 and Pθ0+u with respect to ν. We
then have
L˙θ0 =
f˙θ0(X)√
fθ0(X)
, Pθ0-a.s.
Some authors call this property Hellinger-differentiability.
The following result is a recasting of Propositions 1.110 and 1.111 of Liese
and Miescke (2008) Liese and Miescke (2008).
Proposition A.1. Let (Pθ, θ ∈ Θ) be a L
2-differentiable family at θ0 ∈
Θ˚ with L˙θ0 the L
2-derivative and let δ a r.v. taking values in Rk such that
there is a neighbourhood U(θ0) of θ0 with
sup
θ∈U(θ0)
Eθ‖δ‖
2
R
k <∞.
Then ψ : θ 7→ Eθδ is differentiable at θ0, and the jacobian marix of ψ is
Jθψ(θ0) = Eθ0
(
δL˙′θ0
)
.
In particular, θ ∈ Θ, EθL˙θ = 0.
We give the definition of continuous L2-differentiability.
Definition A.2. Let (Pθ, θ ∈ Θ) be an L
2-differentiable family over
Θ, with L˙θ as L
2-derivative. We say that (Pθ, θ ∈ Θ) is a continuously
L2-differentiable family over Θ if for all θ0 ∈ Θ,
lim
θ→θ0
‖L
1/2
θ,θ0
L˙θ − L˙θ0‖
2 = 0.
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The two following lemmas are useful for proving Proposition 2.1 which
allows to obtain the simpler form of the Cramér-Rao inequality for predictors
in Theorem 2.1. The following result is Lemma 1.106 of Liese and Miescke
(2008) Liese and Miescke (2008).
Lemma A.1. Let (Pθ, θ ∈ Θ) be a family of probability measures, Θ ⊂
R
d. Let θ0 ∈ Θ˚ and U(θ0) be a neighbourhood of θ0, suppose that for all
θ ∈ U(θ0), Pθ ≪ Pθ0. Then the family (Pθ, θ ∈ Θ) is L
2-differentiable at θ0,
iff the two following conditions are fulfilled.
Lθ0(u)− 1 = u
′L˙θ0 + oPθ0 (‖u‖)
Eθ0
(
L
1/2
θ0
(u)− 1
)2
=
1
4
u′I(θ0)u+ o(‖u‖
2).
The following lemma is useful to prove Proposition 2.1.
Lemma A.2. Let X, Xn, Yn, n = 1, 2, . . . random variables such that
EX2 < ∞, E(Xn − X)
2 → 0, and supn∈N EY
2
n < ∞, then the sequence
(XnYn, n ∈ N) is uniformly integrable.
Proof. The convergence E(Xn−X)
2 → 0 implies ∃n0 ∈ N, supn>n0 EX
2
n <
∞. We deduce
sup
n>n0
E|XnYn| 6
(
sup
n>n0
EX2n
)1/2(
sup
n>n0
EY 2n
)1/2
<∞.
Let A be an event and ε > 0,
E|XnYn|1A 6
(
EX2n1A
)1/2 (
EY 2n
)1/2
6
(
EX2n1A
)1/2
C1/2,
with C = supn∈N EY
2
n . Yet from E(Xn−X)
2 → 0 and EX2 <∞, we deduce
that the sequence (Xn, n ∈ N) is uniformly integrable (Theorem B.1). Hence
there are n0 ∈ N and α > 0, such that for all n > n0,
P(A) < α ⇒ EX2n1A <
ε2
C
.
We deduce, for all event A such that P(A) < α, for all n > n0, E|XnYn|1A <
ε. The sequence (XnYn, n ∈ N) is hence equicontinuous. We deduce that it
is uniformly integrable.
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APPENDIX B: UNIFORM INTEGRABILITY AND CONVERGENCE
Definition B.1. We say that a family F of real r.v. is uniformly inte-
grable if
sup
X∈F
E
(
|X|1|X|>a
)
−−−→
a→∞
0.
Definition B.2. We say that a sequence of real r.v. (Xn, n ∈ N) is
uniformly integrable if there is n0 ∈ N such that the family (Xn, n > n0) is
uniformly integrable.
Proposition B.1. The family F is uniformly integrable iff
1. The family F is bounded in L1, i.e. supX∈F E|X| <∞,
2. The family F is equicontinuous, i.e. for all ε > 0, there is α > 0, such
that P(A) < α, implies supX∈F E (|X|1A) < ε.
The result that follows is one of the versions of Vitali’s theorem.
Theorem B.1. Let p ∈ (0,+∞), let X be a r.v. and (Xn, n ∈ N) be a
sequence of r.v. such that EXp < ∞ and for all n, EXpn < ∞. Then the
following conditions are equivalent.
1. Xn
P
−−−→
n→∞
X and the sequence (Xpn, n ∈ N) is uniformly integrable.
2. limn→∞E(Xn −X)
p = 0.
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